It is well known that quantum spin Hall (QSH) edge modes being helical are immune to backscattering due to non-magnetic disorder within the sample. Thus, quantum spin Hall edge modes are non-localized and show a vanishing Hall resistance along with quantized 2-terminal, longitudinal and non-local resistances even in presence of sample disorder. However, this is not the case for contact disorder. This paper shows that when all contacts are disordered in a N-terminal quantum spin Hall sample, then transport via these helical QSH edge modes can have a significant localization correction. All the resistances in a N-terminal quantum spin Hall sample deviate from their values derived while neglecting the phase acquired at disordered contacts, and this deviation is called the quantum localization correction. This correction term increases with the increase of disorderedness of contacts but decreases with the increase in number of contacts in a N terminal sample. The presence of inelastic scattering, however, can completely destroy the quantum localization correction.
I. INTRODUCTION
The quantum spin Hall effect observed in a 2D topological insulator is known for transport via dissipation-less helical 1D edge modes. These 1D helical edge modes are robust to sample disorder and are observed in systems like HgTe/CdTe heterostructures at low temperatures, due to bulk spin orbit effects and in absence of a magnetic field [1] [2] [3] . QSH edge modes are helical, i.e., at the upper edge a spin-up electron moves in one direction while spin-down electron moves in opposite direction while at the lower edge the directions are reversed, see Fig. 1 . Thus, quantum spin Hall systems are invariant under time reversal symmetry. Due to the topological nature of these edge modes, the Hall resistance vanishes, while the 2-terminal, longitudinal and non-local resistances are quantized at h 2e 2 respectively in a six terminal ideal QSH sample (without any disordered contacts). The Hall, longitudinal, 2-terminal and non-local conductances/resistances are determined by resorting to the Landauer-Buttiker(L-B) theory 5, 6 . In this formalism, for a QSH device with N contacts, the current at contact i at zero temperature is [5] [6] [7] : where T σσ i j is the transmission probability for an electronic edge mode from contact j to contact i with initial spin σ to final spin σ, V i being the voltage bias applied at contact i, while s σσ i j are the elements of the scattering matrix S of the N-terminal sample.
II. MOTIVATION
In quantum diffusive transport regime, localization of electronic states is well known 4, 5 , the resistance of a sample increases exponentially with sample length (l) for l > ξ (ξ being localization length) 5 . This is known as strong or Anderson localization 10, 11 . On the other hand, when the sample length l ≤ ξ, the system shows an unique property: the resistance increases from the Ohmic result by universal factor h/2e 2 . This increase by the universal factor h/2e 2 is called as weak localization correction. The QSH edge modes, as shown in Fig. 1 , are immune to backscattering, e.g., if there is disorder in the sample (see, Fig. 1 ), edge modes will move around the disorder without their transmission probabilities getting affected due to the topological protection. In this work we however predict that, if a contact is disordered, i.e., can reflect edge modes partially then a "quantum" localization correction can arise for edge modes too but only when all contacts are disordered. What happens is backscattering of the electrons within the sample takes place when all contacts are disordered and thus multiple paths are generated from one contact to another. As a result, the transmission probabilities and resistances become dependent on the disorderedness of contacts. Although, it can be noticed here that the quantum localization observed for QSH edge modes is different from the weak localization correction seen in the context of quantum diffusive transport. In the quantum diffusive transport regime, the weak localization correction is universal (h/2e 2 ), while in our case, the correction due to localization as will be discussed in more detail in sections III and IV, depends on the strength of disorder at contacts and on the number of contacts. Further, it should be noted that the quantum localization correction is only present when all the contacts are disordered, see Fig. 2 (a). In Fig. 2(a) , a σ i and b σ i refer to the incoming and outgoing edge states respectively from sample to contact i with σ being the spin index for that edge state. In Fig. 2(a) , we see that a spin up electron in the a ↑ 1 edge state at contact 1 can either transmit into the sample with probability T 1 or can reflect back again to contact 1 with probability R 1 . After entering the sample, this edge state electron can reach contact 3 via reflection at contact 2 with probability R 2 and then transmit to contact 3 with probability T 3 .
Thus the transmission probability for a spin-up edge electron from contact 1 to 3 is T 1 R 2 T 3 . This is one among the infinite number of paths possible. For example, it can also reach contact 3 by taking second path after reflecting at contacts 3, 4, 1, 2 and then finally transmitting into contact 3 with transmission probability T 1 T 3 R 1 R 2 2 R 3 R 4 . After summing over all the paths from contact 1 to 3, we get the net transmission probability for the spin up edge state-T
. However, by taking recourse to scattering amplitudes instead of probabilities we get the transmission amplitude from contact 1
), where t i and r i are the transmission and reflection amplitudes at contact i with φ i being the phase acquired by the electron at contact i and φ = ∑ i φ i . This scattering amplitude will lead to the transmission probability from contact 1 to 3 for the spin up edge state-T
Similarly, all the other transmission probabilities can be derived by following transmission probabilities and by following scattering amplitudes, and they will be different. Thus, when an infinite number of paths exist from one contact to another then a difference between the average resistances derived from scattering amplitudes R Amp X (with X = H, L, 2T, NL) and resistances derived from probabilities R X , i.e., R Amp X = R X is seen. However, if at least one of the contacts is not disordered, see Fig. 2 (b) (contact 4 is not disordered), then there would be finite number of paths from one contact to another. This can be explained as follows: in Fig. 2(b) , we see that a spin up edge state from contact 1 can reach contact 3 by following only one path via reflection at contact 2 with probability T
There is no second path to reach contact 3, since contact 4
is not disordered, this edge state can not reflect from contact 4. Further, the scattering amplitude from contact 1 to 3 is t ↑↑ 31 = −t 1 r 2 t 3 e i(φ−φ 4 ) , which gives the transmission probability T
Thus the calculation using scattering probabilities and that with scattering amplitudes yield identical results for the case when less than N contacts are disordered. This results in R Amp X = R X for the case when less than N contacts are disordered and thus quantum localization correction vanishes for this case. Similar to what is described here for QSH system, was also shown recently for quantum Hall (QH) system in Ref. 9 . This is the main motivation of our work, can we see a similar quantum localization correction for QSH samples? Since QSH edge modes are helical (spin polarized) rather than chiral (spin unpolarized) as in QH sample, it will be interesting to see the effect of spin polarized and helical edge modes on the quantum localization correction. Further, to compare the characteristics of this quantum localization correction in various resistances for both QH and QSH systems is another motivation of this paper. We elaborate on this in sections III, IV and V for four, six and N-terminal QSH samples respectively. The organization of this paper is as follows: in section III, we deal with a 4-terminal QSH sample with all disordered contacts and derive an expression for the quantum localization correction, while in sections IV and V we discuss the six and Nterminal QSH samples. Next in section VI, we study the impact of inelastic scattering on this quantum localization correction. We conclude with a table summarizing the main results of our paper and compare it with results derived in Ref. 9 .
III. FOUR TERMINAL SYSTEM WITH ALL DISORDERED CONTACTS
A 4-terminal QSH sample is shown in Fig. 3 (a) with all disordered contacts. The strength of disorder at contact i is de- (b) For calculating the current at each of these contacts, we need to derive the edge state transmission probability T σσ i j between these contacts. As all of the contacts are disordered, we need to consider the scattering amplitudes to calculate the transmission probabilities T σσ i j , following Eq. (1). First we write down the scattering matrix S j at each contact j separately relating incoming edge modes (a
at that particular contact j and then deduce the full scattering matrix S of the system out of the contact scattering matrices S j , see Ref. 16 . The scattering matrix S j is defined as follows- 
where r j and t j are the reflection and transmission amplitudes respectively at contact j, φ r,σ j and φ t,σ j are the reflection and transmission phase acquired by the spin σ(=↑ / ↓) edge electron via scattering at the disordered contact j. Unitarity of the scattering matrix S j dictates S † j S j = S j S † j = I, which implies-φ r,σ j = φ t,σ j − π 2 = φ j , (dropping the spin index σ from the phase as disorder is spin independent). Thus the scattering matrix S j reduces to-
r j e iφ j 0 it j e iφ j 0 0 r j e iφ j 0 it j e iφ j it j e iφ j 0 r j e iφ j 0 0 it j e iφ j 0
III FOUR TERMINAL SYSTEM WITH ALL DISORDERED CONTACTS
Every element of the full scattering matrix S can be calculated from these S j matrices in the following manner: an electron in a 1 edge state can scatter into the b 1 edge state directly with amplitude r 1 e iφ 1 , but then, it can also follow a different path via scattering at contacts 2, 3, 4 and reach b 1 edge state with amplitude: it 1 e iφ 1 ×r 2 e iφ 2 ×r 3 e iφ 3 ×r 4 e iφ 4 ×it 1 e iφ 1 = −t 2 1 r 2 r 3 r 4 e i(2φ 1 +φ 2 +φ 3 +φ 4 ) , and a third path with amplitude: −t 2 1 r 1 (r 2 r 3 r 4 ) 2 e i(3φ 1 +2φ 2 +2φ 3 +2φ 4 ) and so on. Summing over all these paths we get the (1,1) element s ↑↑ 11 of the total scattering matrix S of the system, which is (r 1 − r 2 r 3 r 4 e iφ )e iφ 1 /(1 − r 1 r 2 r 3 r 4 e iφ ), with φ = φ 1 + φ 2 + φ 3 + φ 4 . Similarly, rest of the elements of the S matrix can be derived. The scattering matrix for the entire 4-terminal QSH sample in Fig. 3(a) is thus- 
where a = 1 − r 1 r 2 r 3 r 4 e iφ .
This scattering matrix S relates the incoming edge modes to the outgoing edge modes (see, Fig. 3(a) ) of the system via the relation (b
Current conservation is guaranteed by the unitarity of the scattering matrix S. The conductance matrix G of the system deduced from the full scattering matrix S, following from Eq. (1), is-
where
. Conductance matrix G connects currents and voltages at each contact via the relation (I 1 , I 2 , I 3 , 
,
and R
The mean Hall, 2-terminal and non-local resistances obtained by averaging over the phase φ acquired by the electronic edge modes due to multiple scattering at disordered contacts is thus-
One observes that the mean Hall, 2-terminal and non-local resistances lose their quantization via disorder. To calculate the quantum localization correction, we need also to calculate the resistances using probabilities ignoring the phases acquired by edge modes at disordered contacts. The conductance matrix G is then-
where a = (1 − R 1 R 2 R 3 R 4 ). As before, the current through voltage probes 2, 4 is zero, and the reference potential V 3 = 0. Thus, the potentials V 2 and V 4 are derived in terms of V 1 . The Hall resistance R H , 2-terminal resistance R 2T , and nonlocal resistance R NL calculated via probabilities are then-
The quantum localization correction is defined as the difference in the resistances calculated from amplitudes and that from probabilities, is then R
. Fig. 3(b) shows a 6-terminal QSH sample with all disordered contacts. Contacts 1, 4 are used as current probes while 2, 3, 5, 6 are used as voltage probes, such that current through these contacts is zero, i.e., I 2 = I 3 = I 5 = I 6 = 0. The scattering matrix of the system shown in Fig. 3(b) is- 
IV. SIX TERMINAL QSH SYSTEM WITH ALL DISORDERED CONTACTS
where b = 1 − r 6 e iφ with φ i j..m = φ i + φ j + .. + φ m . For simplicity, considering all contacts to be equally disordered (with r i and t i being reflection and transmission amplitude at contact i). Scattering matrix S of the 6-terminal QSH sample relates the incoming spin-polarized edge states to the outgoing states (see, Fig. 3(b) ) of the system via the relation (b
tion is guaranteed by the unitarity of the scattering matrix S.
The conductance matrix G of the sample deduced from scattering matrix S of Eq. (11), and using Eq. (1), is-
where b = (1 + R 6 − 2R 3 cos φ). Since current through voltage probes 2, 3, 5 and 6 is zero, so I 2 = I 3 = I 5 = I 6 = 0, and choosing reference potential V 4 = 0 we get potentials 
(1 + D 6 − 2D 3 cos φ)
where,
All contacts are considered to be equally disordered, i.e., D i = D (for i = 1 − 6). To calculate the Hall resistance only we have 
The quantum localization correction is the difference between the resistances calculated using probabilities, i.e., neglecting the phase acquired by the edge electrons and the resistance determined from scattering amplitudes, Eq. (13). The conductance matrix G is then-
where b = (1 − R 6 ). As before, current through voltage probes 2, 3, 5, 6 is zero, and choosing reference potential V 4 = 0 we get potentials V 2 and V 4 in terms of V 1 . Thus, the Hall resistance R H , 2-terminal resistance R 2T , longitudinal resistance R L , and non-local resistance R NL calculated via probabilities are then-
The quantum localization corrections to the above calculated Hall, longitudinal, 2-terminal and non-local resistances in the 6-terminal QSH sample thus are R
From Eq. (17) we see that the quantum localization correction for Hall resistance in a six terminal QSH sample can be positive as well as negative depending on the strength of disorder at different contacts while for four terminal QSH sample it is always positive, see Eq. (10). This negative correction term does not implies anti-localization of the helical electrons, rather it comes from the fact that the Hall resistance for QSH sample itself can be negative. However, the absolute value of resistances calculated via amplitudes is always greater than the absolute value of the resistances derived via probabilities, i.e.,
This negative quantum localization correction for Hall resistance is unique to QSH samples only and not present for QH samples, see Ref. 9 . From Eq. (17) it can also be noted that for equally disordered contacts the quantum localization correction for Hall resistance vanishes for QSH samples while for QH samples it is finite, see Ref. 9 . The quantum localization correction to the 2-terminal, longitudinal and nonlocal resistances increases with increasing disorder while the same for Hall resistance increases with the increase of the difference between the disorderedness of upper (D u ) and lower (D l ) contacts.
V. N TERMINAL SYSTEM WITH ALL CONTACTS DISORDERED
An N-terminal QSH sample is shown in Fig. 3(c) ...
where c = 1 − r N e iφ and φ i j..k = φ i + φ j + .. + φ k . The scattering matrix connects the incoming edge states to the outgoing edge states via the relation (b
anteed by the unitarity of the scattering matrix S. The conductance matrix G of the N-terminal QSH sample derived from the scattering matrix S, following Eq. (1), is-
where c = 1 + R N − 2R N/2 cos φ. Since currents through voltage probes 2, 3, ..., k − 1, k + 1, ..., N is zero, so I 2 = I 3 = ... = I k−1 = I k+1 = I N = 0, and choosing reference potential V k = 0 we get the potentials V 2 , V 3 , V k−1 , V k+1 and V N in terms of V 1 . So, the Hall resistance
and non-local resistance
(to calculate the non-local resistance only we have to consider contacts 1, 2 as current probes and contacts 3, 4, .., k − 1, k, k + 1, ..., N as voltage 
where c = (1 − R N ). Setting the current, as before, through voltage probes 2, 3, ..., k − 1, k + 1, ..., N to zero, and choosing reference potential V k = 0 we get potentials V 2 , V 3 , V k−1 , V k+1 and V N in terms of V 1 . Similarly, we need to calculate the Hall resistance R H , 2-terminal resistance R 2T , and nonlocal resistance R NL via probabilities from the conductance matrix terminal resistances. This is written below for the quantum localization correction, resistance derived via probabilities and that derived from amplitudes in case of longitudinal and nonlocal resistances-
No closed form expression can be systematically deduced for the Hall and 2-terminal cases as there is no uniformity in going from 6, 8, 10 terminal and likewise cases. In Figs. (4-7) we analyze the quantum localization correction for the various resistances. In Figs. 4(a,b) , we see that the Hall resistance for QSH case can be either negative or positive depending on the disorder strength at upper edge (D u ) and lower edge (D l ) contacts. If D u = D l , then Hall resistance is zero for both scattering amplitudes and probabilities calculation. In Fig. 4(c) we see that the quantum localization correction to the Hall resistance can also be negative, which does not imply that it leads to anti localization. The Hall resistance for QSH itself can be negative, and that leads to a negative localization correction
The longitudinal resistance is almost constant as function of the number of contacts. However, the stronger the disorderedness of contacts the lower the longitudinal resistance. In Fig. 5(c) , we see that the quantum localization correction decreases with increase in number of contacts unlike in quantum Hall samples where it is always zero, see Ref. 9 . In Fig. 6(a,b) we see that the 2-terminal resistance for QSH case increases with number of contacts (unlike the QH case), which implies this increases as a function of the length of the sample. This is similar to what observed for Ohmic behavior. In Fig. 6(c) we see that the quantum localization correction is very small for D < 1/2, only for D > 1/2 it becomes substantial. In Figs. 4-7 we see that for large number of terminals the quantum localization correction disappears and quantum localization correction is only substantial for large disorder and few terminals.
VI. EFFECT OF INELASTIC SCATTERING ON QUANTUM LOCALIZATION CORRECTION
A 6-terminal QSH sample with all contacts disordered and with inelastic scattering is shown in Fig. 8 . When the length between the disordered contacts is larger than the phase coherence length of the electronic edge modes, inelastic scattering occurs. In presence of inelastic scattering spin up electrons coming out of contact 1 equilibrate with other spin up and down electrons at equilibrating potential V 1 and lose their phase acquired via scattering at the contacts via equilibration of their energy. Similarly spin down electrons coming out of contact 1 lose their phase at equilibrating potential V 6 via equilibration of their energies with other spin up and down electrons. Thus, there is no possibility for an electron in a edge state to get back to the same contact after emerging out of it at that same energy with a unique phase. Thus, there is no difference between resistances calculated via probability and that via amplitudes. This implies absence of quantum localization correction in presence of inelastic scattering. Using probabilities the resistances have already been derived, see Refs.
14,15 , as- 
VII. CONCLUSION
We see that the resistances are affected by the quantum localization correction but only when all of the contacts are disordered. The quantum localization correction for the resistances for both QH (see Ref. 9 ) and QSH six terminal samples are summarized and compared in Table 1 . From Table 1 , we see that for equally disordered contacts in QH sample only 2-terminal and Hall resistances are all affected by the quantum localization correction, while in QSH sample the 2-terminal, longitudinal and non-local resistances are affected by the localization correction. In QSH samples we even see a negative localization correction, which is not due to the anti localization of the states, but rather due to the fact that the Hall resistance in a QSH system can itself turn negative. In presence of inelastic scattering this quantum localization term vanishes for both QH and QSH cases.
